In this paper, we present the details of the ab initio high-precision configuration interaction and many-body perturbation theory calculations that were used in [1] to place limits on the dependence of the fine-structure constant, α, on the gravitational field of the white-dwarf star G191-B2B. These calculations were combined with laboratory wavelengths and spectra from the Hubble Space Telescope Imaging Spectrograph to obtain the result ∆α/α = (4.2 ± 1.6) × 10 −5 and (−6.1 ± 5.8) × 10 −5
I. INTRODUCTION
The light scalar fields that populate many modern theories of high-energy physics can change parameters of the standard model such as fundamental coupling constants [2] . Near massive bodies the effect of the scalar field can change since, like gravitational charge, the scalar charge is purely additive. Moreover, the strength of the coupling can increase or decrease near massive gravitating bodies depending on the theoretical model used [3] . For small variations in the fine-structure constant α = e 2 /hc ≈ 1/137, the dependence on the dimensionless gravitational potential φ = GM/rc 2 can be approximately described by the linear relationship [2] 
Here k α is a sensitivity parameter [4] . This dependence has been investigated in certain theories of varying α, where α is allowed to either increase (∆α/α > 0) or decrease (∆α/α < 0) on approach to a massive object [5] [6] [7] [8] , depending on the balance between electrostatic and magnetic energy in the ambient matter fields [3] . The strongest limit on k α = (−5.5 ± 5.2) × 10 −7 was obtained by comparing the radio-frequency transitions of two nearly-degenerate, opposite-parity excited states in atomic dysprosium [9] . This sensitivity is derived purely from annular changes in the gravitational potential (∼ 3%) due to the ellipticity of the Earth's orbit around the Sun and the high precision of atomic clocks. The peak-totrough sinusoidal change in the potential has magnitude ∆φ = 3 × 10 −10 . A much stronger change in potential can be realised in the atmosphere of white-dwarf stars, where ∆φ is 5 orders of magnitude larger than in laboratory-based experiments. This allows us to probe nonlinear coupling of ∆α/α on ∆φ. The distance between source and probe is ∼ 10 4 times smaller than 1 AU, so we can also test the effect of, for example, a Yukawa-like scalar field Φ ∼ e −mr /r where m is the mass of the light scalar.
High-resolution spectra of Fe 4+ and Ni 4+ 4s-4p transitions in the nearby (≈ 45 pc [10] ), hot, hydrogen-rich (DA) white-dwarf star G191-B2B has been taken using the Hubble Space Telescope Imaging Spectrograph (STIS) [11] . G191-B2B has a mass of M = 0.51M ⊙ and a radius of R = 0.022R ⊙ , thus the gravitational potential for ions in the atmosphere of this white dwarf relative to the laboratory is ∆φ ≈ 4.91×10 −5 . The linear sensitivity parameter k α = 0.7 ± 0.3 obtained from the analysis [1] is not competitive with the limits obtained from atomic clocks, but the white-dwarf result probes a very different field-strength regime.
It is instructive to compare the method with previous studies looking at cosmological variation of α using quasar absorption spectra [12] [13] [14] [15] [16] [17] . In many ways, we can expect higher sensitivity from the white-dwarf spectra than the quasar absorption spectra [1] (although we stress again that the fundamental physics being tested in these two experiments is quite different). Firstly there are many more resolved lines per source (around 100 in Fe 4+ and 50 in Ni 4+ ) which provides a statistical advantage over the typical few narrow lines per absorber in quasar absorption systems. Secondly, the ionization degrees of the ions available are larger, and thus they are more sensitive to α-variation. This is because the sensitivity of an external electron to α-variation, q, can be approximated using [18] q ≈ −I n (Zα)
Here I n is the ionization energy of the electron (in atomic units; 1Ry = 1/2), Z is the bare nuclear charge, ν is the non-integer effective principal quantum number and j is the angular momentum of the external electron. Taken together, from these two advantages we would expect the value of ∆α/α extracted from the white-dwarf study to be more than an order-of-magnitude more sensitive (per system) than the quasar studies, reaching statistical accuracies below 10 −6 . However, the work is limited by relatively poor laboratory wavelengths.
In this paper, we present our calculations of q-values for the Fe V and Ni V transitions used in [1] . In addition, we also present an additional important motivation for remeasurement of their laboratory wavelengths. We calculate the isotope shifts in Fe V, which can be used to measure the relative isotope abundance of Fe around G191-B2B and similar white-dwarf stars. These isotope abundances can then be used to constrain theories of galactic chemical evolution (see, e.g., [19] ). We show that with improved laboratory wavelengths, we could constrain the isotopic abundance ratios in Fe to around ∼ 20%. The method and results of our isotope shift calculations are presented in Section III.
II. ENERGY CALCULATION AND RELATIVISTIC SHIFT
When expressed in atomic energy units, the nonrelativistic transition energies are insensitive to α-variation. However, the relativistic shifts of atomic energy levels are α-dependent. We parametrize the sensitivity of a transition to potential α-variation using the q-value, defined by
where x = (α/α 0 ) 2 − 1 is the relative change of α 2 from its present-day value of α 2 0 . Note that ω here is in atomic units: the non-relativistic dependence on α cancels when comparing two transitions. In our calculations, q is obtained by taking the gradient of fully-relativistic energies with respect to α for a particular configuration by varying the value of α in the calculation. For our Fe
4+
calculation we used five values of x = −0.002, −0.001, 0.0, 0.001, and 0.002 to extract q, while in Ni 4+ we used x = −0.01, 0.0, and 0.01 to obtain a three point fit.
Below we outline our calculations, implementing the CI+MBPT method: configuration interaction with many-body perturbation theory corrections. Full details of the theory behind this method is presented in [20] (more detail on our particular implementation are provided in [21] ). Briefly, our calculations begin by computing the Dirac-Fock (DF) energies of core orbitals in a chosen starting potential. This provides a "frozen-core" potential from which to generate a basis and perform CI. Our CI basis is formed from a set of between 40 to 70 B-splines [22, 23] , which we diagonalise over the DF potential and select those orbitals with the lowest energy eigenvalue. A larger selection of these virtual orbitals are used to form many-body perturbation theory (MBPT) corrections to the potential, Σ.
The ions Fe 4+ and Ni 4+ are four and six valence electron ions respectively. The use of the CI+MBPT method to obtain energies, q-values, and isotope shifts in manyvalence-electron systems is justified by past work (see, for example, Cr II [24] ). Due to the large number of valence electrons, the size of the CI matrix grows beyond the limit of available computer memory before a fully converged result can be reached. This is particularly true for Ni 4+ which has two additional valence electrons over Fe 4+ . Therefore, it becomes necessary to truncate the calculation and/or adjust parameters in order to make the calculation manageable. We used the available experimental data [25] as a benchmark to judge the "correctness" of calculations and thus decide on the most suitable set of parameters.
The DF calculation that we start with allows for a few different sensible choices of starting potentials (meanfield of all electrons). In a completely converged CI calculation, the effect of choosing the starting potential will be negligible -however, the choice of potential can make a significant difference for a truncated computation. As a specific example, in Fe 4+ we could reasonably expect to choose between either a V N or a V N −1 starting potential by varying the number of electrons to be used. Furthermore, after choosing either one of these, we are free to choose the distribution of the electrons amongst available valence orbitals. For Fe 4+ , we compared the results obtained using 3d
, and 3d
3
(V N −1 ) potentials and found those produced from a 3d 4 V N potential to be the best. However, we note that there was good agreement between calculations performed using the three potentials. A similar result was obtained with Ni 4+ with the 3d 6 V N potential found to give results closest to experimental data.
The next set of parameters we can vary affect the CI calculation. It consists of the leading configurations, the number of electron excitations taken from these leading configurations, and the number of virtual orbitals included at which the CI valence basis is truncated for the generation of the electron excitations. The number of leading configurations included significantly influences the overall size of the CI matrix. In Fe 4+ , we tested the (3d 4 , 3d 2 4s 2 ) and the (3d 4 , 3d 3 4s, 3d 3 4p) sets and found the latter to give better results. Again, the results produced by the other set of leading configurations were still reasonably close to the experimental results. In Ni 4+ , the (3d 6 , 3d 5 4s, 3d 5 4p) leading configuration set was found to give the best agreement with experiment, although we suspect that the (3d 6 For the number of electron excitations, we can choose to either include a large number of single electron excitations from the leading configurations at the cost of some double electron excitations by choosing different CI valence basis sets for each; or include single and double electron excitations to the same CI valence basis. In Fe 4+ , we were able to include both single and double electron excitations to the 11spdf 7g valence orbitals, and this provided a better agreement with experiment than including single electron excitations to 15spdf and double electron excitation to 9spdf . The resulting energy levels in both these cases are within 5% of their experimental values [25] .
In Ni 4+ , the number of valence orbitals we can use for the CI calculation is markedly smaller due to the two additional valence electrons. In this case, our calculations reveal that taking a large number of single electron excitations to 12spdf and a smaller number of double excitations to 5spdf produced a better result than to take single and double excitations to the 7s6pdf level. Once again, the levels energies are within 5% of their experimental values.
Many-body perturbation theory (MBPT) corrections using a valence basis of 35spdf ghi for Fe 4+ and 30spdf gh for Ni 4+ were then added to the CI calculation. We included one-body, two-body, and three-body MBPT diagrams to second-order in the residual Coulomb interaction. The final energies were improved by the addition of MBPT; agreement with experimental values were at the level ∼ 2%. Tables II and III illustrate the effect of the addition of MBPT. The q-values are stable with the addition of MBPT corrections -one can be certain that the MBPT q-values would differ by at most 5% (see Table II ) from their CI-only values when differences in configuration mixing are not significant.
Error estimates and state mixing: In the results we present, some energy levels that were mixed in the CI calculation (that is, states that include a significant percentage of more than one term) become separated in the CI+MBPT calculation and vice versa. In such cases, the presented g-factors of the two calculations differ significantly. This can pose an issue when the q values for the two levels are different -a strong mixing would imply the q values of the two levels move towards the average of the two q values, whereas less mixed states would have rather different q values. In the absence of additional information, we are unable to decide which of these cases more closely represents the physical reality of the picture. We have marked with asterisks (*) in Table IV , levels that may have underestimated errors in q as a result of the uncertainty in the true physical mixing.
For levels that do not demonstrate notable differences in mixing between calculations, we estimate our uncertainties in q using the difference in values computed using CI and CI + MBPT for energy levels. The errors in q values in Table IV were computed similarly by taking the difference between the final CI and CI + MBPT q values of the transitions.
III. ISOTOPE SHIFTS
The addition or removal of neutrons to the nucleus causes both a change in the nuclear mass and the nuclear charge distribution, both which in turn cause measurable shifts in the position of energy levels. These shifts can be parametrized, for two isotopes with with mass number A and A ′ , using the equation
where k NMS is the normal mass shift constant, k SMS is the specific mass shift constant and F is the field shift constant. k NMS is related to the transition frequency ν by
k SMS is more difficult to obtain; it can be calculated through the addition of a new term to the Coulomb potential and varying a parameter related to the nuclear inverse mass, as described below. F can be similarly obtained by instead varying the nuclear charge radius. Our calculations reveal that k SMS can be quite different with the inclusion of many-body perturbation theory corrections, as seen in Table III . On the other hand, F does not change much between CI and CI+MBPT calculations. Finite-field method: To calculate k SMS , the all-order finite-field method is used [21, 24, [26] [27] [28] . A two-body SMS operator is added to the Coulomb potential to form an effective potential which can be written as
and the CI+MBPT energy calculation is performed for several values of λ. The specific mass shift constant is then calculated using
The operatorQ has the same symmetry and structure as the ordinary Coulomb operator [26] . Our results were obtained by performing a five-point fit using values of λ = −0.002, −0.001, 0.0, 0.001, 0.002. The field-shift constant F can be calculated using one of two methods. The first approach is to vary the nuclear radius R in the finite nuclear potential directly which in turn varies the mean squared charge radius, r 2 . We perform the full CI+MBPT calculation for each value of R and extract F using
We used five values of r 2 in order to ensure linearity of the F with respect to r 2 . The second approach used is similar to the finite-field method described for calculating k SMS . A finite perturbation δU is added to the nuclear potential:
where R is the nuclear radius and U (R, r) is the nuclear potential (e.g. a Fermi distribution with finite thickness parameter). The change in nuclear potential corresponds to a change in mean nuclear charge radius δ r 2 U , and we can extract the field-shift constant by calculating ω for several values of λ: Our calculations using the two methods were consistent within 1%. B-spline basis set: The calculation of the field shift constant, F , is sensitive to the behaviour of the wavefunction at the origin. The B-spline basis of the Notre Dame (ND) group [23] was compared with B-splines generated using the dual kinetic-balance (DKB) finite basis set method [29, 30] . In our calculations, we found that the ND B-splines were unstable when used to calculate F , leading to inconsistencies when the size of the set of valence states used in the configuration interaction calculation was varied. The DKB B-splines, on the other hand, produced consistent values of F regardless of the parameters used in the calculation. The ND calculation only agreed with the DKB calculation after the inclusion of a larger number of B-splines and a readjustment of the grid used.
This result reinforces the findings in [29] , where the DKB B-Splines were found to have a behaviour at the origin that is closer to the physical reality. The original authors found that they required fewer B-splines when the DKB method was used compared to the ND method, a result our calculations also agree with.
Error estimate: The error in the total isotope shift, ∆δν A,A ′ , is largely given by the uncertainty in the specific mass shift constant. We estimate this uncertainty by using the difference between the CI and the CI + MBPT calculation as an upper bound, which can be obtained using Table III . The nuclear radii of the various isotopes and their errors are given in Table I .
IV. DISCUSSION
Using our calculations for the relativistic shifts q, and isotopic shifts δν A,A ′ in Table III (for energy levels), we present a summary table containing these shifts for transitions observed in white-dwarf stars using the Hubble Space Telescope (HST) Space Telescope Imaging Spectrograph (STIS) in Table IV . For these observed lines, the extent of α-variation is found to be ∆α/α = (4.2 ± 1.6) × 10 −5 for Fe 4+ . Furthermore, a limit on the deviation of isotopic abundances in whitedwarf stars from their terrestrial values can be placed using the differences between their observed and terrestrial wavelengths, in conjunction with the information in Table IV . In both the astronomical data and our reference laboratory wavelengths, the spectra of individual isotopes are not resolved. Thus, the available wavelength values are averages weighted by the isotopic abundances. For a particular white-dwarf line with wavelength λ obsv observed from Earth containing isotopes with mass numbers A and A ′ , we can write
where z is the redshift, P A ′ is the isotopic abundance of isotope A ′ , and λ A and λ A ′ are the transition wavelengths assuming 100% abundance of isotopes A and A ′ respectively. Using Eq. (4), we may write this as
Plotting ∆λ/λ A against δω A ′ ,A /ω A ≡ Q IS allows us to extract the abundance of isotope A ′ immediately. The range of Q IS for Fe 4+ available from our calculations spans an interval of ∼ 6 × 10 −7 . However, the errors in the laboratory wavelengths limits the accuracy of ∆λ/λ to ∼ 1 × 10 −5 , thus rendering it insufficient to determine the isotopic abundances in this case. On the other hand, a laboratory accuracy of ∼ 1 × 10 −7 would allow for a determination of P A ′ to a level of ∼ 20%.
The observation of 3d-4p transitions may be another option for determining the isotope abundance. Such transitions would have energy intervals in the range of (150000, 350000) cm −1 corresponding to wavelengths in the range of (30, 65) nm. These wavelength ranges are not within the range of observable wavelengths of the STIS. Nevertheless, we calculate the normal mass shifts to be in the range of (−4000, −2500) GHz amu, while the specific mass shifts are in the range of (10000, 11000) GHz amu. The corresponding volume shifts are on the order of ∼ 600 MHz fm −2 , making them insignificant for these transitions. The total shift between the 56 Fe and 58 Fe is then about δν 58,56 ∼ −5 GHz. Compared to the 4s-4p transitions, this means that δν 3d−4p ∼ −5δν 4s−4p , while ν 3d−4p ∼ 2ν 4s−4p . Thus
. Therefore, these transitions would therefore allow for the accurate determination of isotopic abundances when combined with the 4s-4p transitions presented here.
V. CONCLUSION
In closing, we have used spectral data from a white dwarf system to explore the possible coupling of the variation of fundamental constants to a strong gravitational potential. Furthermore, we showed how the differences in isotopic abundances relative to terrestrial abundances may be extracted. This information can be used to constrain models of the chemical evolution of our galaxy. Finally, we note that our results are limited by the uncertainties in the known terrestrial wavelengths of the transitions in both Fe 4+ and Ni 4+ , with much tighter limits possible with accurate laboratory data. Our work therefore provides a strong motivation for new laboratory measurements. TABLE III: Calculated sensitivities to α-variation q, specific mass shift constant kSMS, and field shift constants F (all relative to the ground state) of 4s and 4p energy levels in Fe 4+ . Quantities labelled CI were obtained using configuration interaction, while quantities labelled CI + Σ were obtained using configuration interaction plus many-body perturbation theory.
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